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A pore-network model is developed, based on a dual lattice, to study the dynamics of
forward filtration combustion (FC) in porous media at the pore-network scale. A novel
moving coordinate method is also implemented that allows for the long-term profiles to be
obtained in a straightforward manner. The model is used to reproduce recent analytical
work, including the multiplicity of steady states for the nonadiabatic case, and to study a
number of other effects. Particular emphasis is placed on the effect of the heterogeneity
in the microstructure, introduced by the randomness in the pore radius. It is found that the
local disorder leads to less oxidant consumption, as compared to the homogeneous case.
This underprediction increases with an increase in the disorder, a decrease in the thermal
conductivity, and a decrease in the spatial correlation. Temporary local extinction can
result for sufficiently large injection rates. As a result of the heterogeneity, the spatially
averaged reaction rate is generally different from the rate calculated based on the
microscale Arrhenius expression, using the averaged variables, with discrepancies of a
factor of 2 or higher not uncommon. Although this effect depends on the parameter values,
it can be a cause of concern when the fronts at the small scale are sufficiently distorted.
Coupling of fronts occurs in a layered system, when there is sufficient oxidant supply.
These results show that the microscale geometry can have a strong influence on the
overall macroscopic behavior of the process. © 2005 American Institute of Chemical Engi-
neers AIChE J, 51: 1279–1296, 2005

Introduction

Filtration combustion (FC) is a process of importance to a
variety of applications, ranging from the recovery of oil from
oil reservoirs1 to the processing of materials (see, for example,
Hwang et al.2,3). In its most simplified form, it involves the
combustion of a solid fuel deposited at the pore walls of a
porous medium, through the injection of an oxidizing agent.
When ignition occurs at the gas inlet, reaction and thermal
fronts propagate in the direction of the injected gas, and the
process is referred to as forward FC. When ignition occurs at
the opposite side, the combustion front propagates in the di-

rection opposite to the gas flow, and a process of reverse FC
develops. In this paper, emphasis will be placed on forward FC.

A number of studies have addressed various features of FC.
In the context of in situ combustion (ISC) for the recovery of
oil, investigations have focused on issues, such as the detailed
kinetics of the various reactions or the development of gener-
ally elaborate numerical simulators for field applications.1 In
situ combustion is a complex process, however, in that the solid
fuel is generated in situ, and the transport and reaction envi-
ronment is generally multiphase and multicomponent. As a
result, many fundamental aspects of the process are still poorly
understood. A better understanding has been achieved in the
simpler problem of FC, in which the solid fuel is known a
priori, and only a single gas phase is involved in fluid flow.
Emphasis in this field has been paid almost exclusively to
continuum models, however. Aldushin,4 Shult et al.,5 Aldushin
and Matkowsky,6 and Aldushin et al.7 studied the properties of
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the propagation front (including front instabilities) based on an
asymptotic analysis of the continuum model. Using an analo-
gous framework, Akkutlu and Yortsos8 investigated the effect
of volumetric heat losses on steady-state multiplicity. The same
group also addressed propagation in a layered system.9 Reverse
FC has been explored experimentally10 and by some simple
numerical models.10,11

In the conventional continuum models, variables such as
reaction rates, concentrations, or temperatures are volume-
averaged continuum variables. The validity of such approaches
is based on the premise that spatial gradients are small at the
scale of the microstructure, so that volume-averaged quantities
are meaningful, and effective parameters reflect fairly accu-
rately the actual process. Large gradients at the microscale,
however, are possible for a number of reasons, including the
development of sharp propagating fronts or of microscale in-
stabilities. In forward displacement, such as of one fluid by
another in a porous medium, fronts arise naturally, either
because of viscous flow or because of instabilities at the small
scale.12 Sharp fronts are quite common in reaction–diffusion
problems (see, for example, Edwards et al.13 Edwards14). In
forward FC (and ISC), sharp fronts are expected because of the
small thickness of the reaction zone, resulting from the fast
kinetics of the combustion reaction. Dissipation processes,
such as diffusion and conduction, balance the reaction rates and
lead to sharp fronts.8 In reverse FC10 the development of spatial
instabilities is another cause of large gradients.

One concern that may arise in these cases is whether volume
averages, such as those of the reaction rate (assuming that they
can be defined) can be expressed by the same expressions as
with the local ones (which represent the true kinetic expres-
sions). For example, assuming that the latter have the conven-
tional, nonlinear, Arrhenius dependency

r � C exp��
E

RT� (1)

the question exists whether the same volume-averaged rela-
tions apply, that is, whether the expression

�r� � �C�exp��
E

R�T�� (2)

is also valid, when concentrations or temperatures vary signif-
icantly at the microscale.

One approach to addressing questions of this type is through
small-fluctuation analyses, in which the relevant variables are
expanded asymptotically in terms of the quantity that drives the
nonuniformity, such as the variance in the flow permeability.15

The equations obtained are subsequently linearized, and to
leading order, expressions alternative to Eq. 2 are derived.
Although very useful, such approaches have the limitation of
the small fluctuation, and at present apply only to continuum
models. For the problem of interest herein, a useful method for
the understanding of the effect of the microstructure is direct
pore-network modeling. This alternative is explored in this
communication. We will develop a detailed pore-network
model of the FC process, which we will then use to understand

phenomena at the pore-network scale and derive conclusions
about the process of forward FC.

The simulation of processes at the pore-network scale has
emerged as a useful simulation tool for the understanding of
fluid displacements in porous media. The approach relies on
representing the porous medium by an equivalent network of
sites and bonds, whose geometrical and transport characteris-
tics derive from the pore microstructure. Sites (pores) are
associated with volume, storage, or capacity, whereas bonds
(pore throats) are associated with transport. Past models have
been used to study isothermal, nonreactive flow and trans-
port.16 More recent works have extended the approach to
nonisothermal systems, by considering a dual-lattice
model.17,18 Reactive transport has been simulated by pore net-
works in earlier works19 in the context of acidization, and by
Sahimi and Tsotsis20 (see also Mann21 and El-Nafaty and
Mann22), in the context of catalyst coking and deactivation.
Pore-network models of the FC process have been limited,
however. Hwang et al.2,3 developed a pore-network model of
FC, but for a gasless system, in which the emphasis was on
solid conduction. Transport in the pore space and the associate
fluid flow and mass transfer were omitted. Nonetheless, the
authors pointed out important effects of the local microstruc-
ture on the overall process. A similar model was used by the
present authors to explore percolation phenomena in FC, when
the fuel is distributed randomly.23

Discrete models for the full FC process, which account in
detail for the pore microstructure, have not appeared in the
literature, to our knowledge. This paper delineates our attempts
to fill this gap. We will develop a pore-network model based on
a dual lattice, which incorporates the relevant flow and trans-
port processes. The description of the model and the related
numerical scheme are detailed in the second section. In partic-
ular, we present a novel moving coordinate method in a ran-
dom environment, to capture the moving combustion fronts at
longer times. The model is then used to investigate the effect of
the microstructure and its heterogeneity on forward FC and to
probe the validity of the continuum approaches. Given that it
can be viewed, under certain approximations, as an equivalent
finite-difference analog of the continuum formalism, the pore-
network model can also be used to probe larger-scale effects, as
well. Concluding remarks are presented in the last section.

Mathematical Model

The pore-network model consists of a dual network of sites
(pores) and bonds (throats), embedded in a network of solid
sites, which are taken to represent the solid matrix (Figure 1A).
The solid sites are needed to account for heat transfer in the
inert solid matrix.17 The pores are places where solid fuel exists
and reaction occurs. They are interconnected by throats, which
control transport of mass, momentum, and heat. Coupling of
the solid and the pore space occurs through the heat transfer
between pores and solid sites, as shown in Figure 1B. In the
two-dimensional (2-D) simulations to be reported below, both
networks are taken as square lattices. Three-dimensional (3-D)
extensions are reported in Lu.24

Important features of the model include the following:
(1) Each solid site communicates with four other solid sites

(depicted in Figure 1B by solid lines), by heat conduction, and
with one pore site (the dashed line between solid and pore sites
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in Figure 1B), by heat transfer from the pore space. A heat-
transfer coefficient models the pore space–solid matrix thermal
exchange.

(2) Injection of a mixture of oxidant (such as oxygen) and
inert gas occurs at one end of the domain, where pressure,
temperature, and composition are specified. The outlet end is at
a constant pressure. Flow in the pore throats is governed by
Poiseuille’s law. The oxidant in the gas phase is delivered by
gas-phase diffusion and convection.

(3) The following one-step heterogeneous reaction is as-
sumed:
Solid Fuel � � Gas Oxidant 3

�1 Solid product � �2 Gas Product (3)

where �, �1, and �2 are stoichiometric coefficients for the
corresponding pseudospecies. Implicit above is the assumption
that the reaction is heterogeneous and does not involve the
propagation of flame in the pore network. The kinetics have
been vastly simplified to allow for a manageable numerical
solution. However, more complex kinetics, including multi-
step, parallel, or serial schemes, could also be implemented.
The reaction rate is expressed by the one-step kinetic model

R � krArPXoH�Vf�exp��
Ea

RT� (4)

where H is the step function, Vf is the volume of fuel, P is the
gas pressure, kr is a kinetic constant, Ar is the gas–fuel interface
area of an individual pore site, Xo is the mass fraction of the
oxidant, and Ea is the activation energy.

(4) Within a pore site, thermodynamic equilibrium is as-
sumed, and thus concentrations, pressure, and temperature are
uniform. However, heat transfer does take place between ad-
jacent pore sites, between pore and solid sites, and between
adjacent solid sites. Thermodynamic and transport parameters
will be taken constant for simplicity.

Governing equations

The governing equations express mass, momentum, and
energy balances at the sites of the two lattices. They are as
follows:

(1) Balances on pore site i, adjacent to pore sites denoted
by j:

Gas-Phase Component k Mass Balance

��PiVi

RTi
yi,kMk�

�t
� ��

j

uijrij
2

Piyi,k

RTi
Mk �

De

lR �
j

rij
2�Pi � Pj

2 �
� � 2

Ti � Tj
��yi,k � yj,k�

� �k�krAi
r

Piyi,O2

RTi
exp��

Ea

RTi
��H�Vi,f� (5)

Fuel Balance

�f

�Vi,f

�t
� krAi

r
Piyi,O2

RTi
exp��

Ea

RTi
�H�Vi,f� (6)

Energy Balance

�Ei

�t
� ��

j

uijrij
2

Eg,i

Vi
�

�gs

l �
j

rij
2�Ti � Tj� � hs �

s

Ais
h �Ti � Ts�

� hL,PAi,l
h �Ti � T0� (7)

where we defined the energy content of a site as

Ei � Ef,i � Eg,i Ef,i � �fvf,i�Cp,fTi � �cHf�

Eg,i � �
k

PiVi

RTi
Mkyi,k�Cpg,kTi � �cHf� (8)

Momentum Balance

uij �
rij

4

8�l
�Pi � Pj� (9)

(2) Energy balance on solid site s, adjacent to solid sites
denoted by s� and pore sites denoted by j:

Solid Site Energy Balance

�VCps

�T

�t
� �

�s

l �
s�

Ass�
h �Ts � Ts�� � hs �

j

Ajs
h �Tj � Ts�

� hL,sAs,l
h �Ts � T0� (10)

We note the following: The sums in the energy balances
express heat transfer between pore and solid sites, although we
have also allowed for a volumetric heat loss to the surround-
ings, expressed through the heat transfer coefficient hL,s. In
addition, ideal gas behavior was assumed. Finally, the bond

Figure 1. Thermally coupled pore network and the inert
solid matrix.
(A) The pore network; (B) the coupling between the pore
network and the solid lattice. Gray: pore network; black: inert
solid; green: solid fuel. Dashed lines indicate pore–solid in-
teractions.
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radius can be correlated to the depth of conversion (such as
probing instability effects), although in the applications below,
the radii were kept time invariant. Table 1 contains the detailed
nomenclature associated with the above equations.

The equations were made dimensionless using the charac-
teristic quantities and values listed in Table 1. The latter were
obtained from Akkutlu25 and correspond to typical parameters
for in situ combustion. We note specifically that the bond
characteristic length was taken as 500 �m, whereas injection
rates were of the order of 100 m/day. Dimensionalization of the
equations results in a number of dimensionless groups, includ-
ing pore-scale Peclet and Nusselt numbers. The latter express
heat transfer between the pore space and the solid, and the heat
losses to the surroundings (see also below). Together with
other parameters, such as the initial temperature, the volume
ratio of solid site to the pore site, the average initial fuel
amount in pore sites and the oxidant concentration at injection,
the dimensionless parameters constitute the main set of vari-
ables affecting the process.

Remarks
● The above model allows for simulating both forward and

reverse combustion. As noted above, these are differentiated
through the control of the ignition location, which is the inlet
row in the case of forward combustion, and the row before the
outlet, in the reverse case (Figure 2). The emphasis in this work
is on forward FC. Reverse combustion is discussed in a sepa-
rate publication.26

● For the momentum balance we have assumed Poiseuille
flow. At the continuum level, this is equivalent to Darcy’s law,
an assumption that is very often made in the literature. Fur-
thermore, because of the linearity in the flow-rate/pressure-
drop relationship in both models, the pore-network model can

be also viewed, subject to appropriate modifications, as the
finite-difference version of the continuum model, where
Darcy’s law applies.

● Radiation was neglected.
● The true kinetics of FC, and certainly of ISC, are quite

complicated. For example, in the latter process, they can be
accompanied by pyrolysis, evaporation and condensation,
multistep reactions, and also by some gas-phase reac-
tions.27-29 At the same time, the simple one-step kinetics, as
assumed above, are commonly accepted for the combustion
of solid fuels.

The numerical scheme

The dimensionless formalism along with the appropriate
boundary conditions was numerically solved using standard
implicit schemes. In general, the equations were solved by a
Newton–Raphson method. We used a variety of linear solvers,
including a traditional SOR method, a preconditioned conju-

Figure 2. Schematic of filtration combustion.
Dark color denotes the solid fuel and the inert solid. The left
end is the place of gas injection. For forward FC ignition
occurs at the left end; for reverse FC ignition occurs at the
right end.

Table 1. Notation Used

Variable Notation Typical Values

Temperature T Ambient 373 K
Pressure P Outlet 1.01 	 106 Pa
Bond length l 5 	 10�4 m
Bond radius r l/2
Pore volume ratio 	 0.3
Site reaction surface Ai

r l2

Site heat transfer surface with surroundings Ai,l
h l2

Site heat transfer surface with solid Ai,s
h l2

Pore site volume V 	l3

Solid volume Vs (1 � 	)l3

Fuel volume Vf 0.0077l3

Pure fuel density �f 2.63 	 103 kg/m3

Solid density �s 2.63 	 103 kg/m3

Reaction rate k0 
 krexp(�Ea/RT*) 4.1 	 108 kg m�1 mol�1 s�1

Activation energy Ea 73501.6 kJ/kmol
Heat of reaction �rH 39452 kJ/kg
Stoichiometric coefficient � 3.018
Stoichiometric coefficient �2 4.018
Solid heat capacity Cp,s 1094 J kg�1 K�1

Pure fuel heat capacity Cp,f 1094 J kg�1 K�1

Gas heat capacity Cpg,k 1000 J kg�1 K�1

Heat conductivity between pore sites �gs 0.07 W m�1 K�1

Heat conductivity between solid sites �s 0.8655 W m�1 K�1

Pore/surrounding heat transfer coefficient hL,p 0.8 W/m2 K
Pore/solid heat transfer coefficient hs 8 W m�2 K�1

Solid/surrounding heat transfer coefficient hL,s 0.8 W m�2 K�1

Gas phase velocity U 0.005 m/s
Diffusion coefficient De 5 	 10�5 m2/s
Gas viscosity � 17.3 	 10�3 cP
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gated gradient (PCCG) method, and LSOR methods, all of
which can be effective for heterogeneous systems. These were
used as appropriate.

Because of numerical dispersion, when the injection rate is
relatively high [large Pe numbers: Pe � O(10)], special meth-
ods, such as an FCT scheme, in which artificial diffusion is
used to smooth the shock, and a subsequent correction term to
correct the flux, were adopted. An implicit predictor–corrector

method was used for the temporal evolution. This method is
2nd-order accurate in time for most cases. Because of the
stiffness of the problem and the associated small length scale,
however, time steps were small (and typically confined to �1
s). To speed up computations, further simplifications were
necessary. To this effect, we introduced the following assump-
tions:

(1) Constant pressure. Because the gas viscosity is small,
pressure variations can be ignored in all of the governing
equations, except in Poiseuille’s law (Eq. 9). The assumption is
justified by the fact that the velocities are much smaller than the
speed of sound. It is widely used in the simulation of laminar
flames in open space. The computational advantages are that
the momentum equation becomes decoupled, and the continu-
ity equation linearized with respect to pressure.

(2) Quasi-steady state in the gas phase. Because of the
difference in the densities of gas and solid, the corresponding
timescales are substantially different,30 and thus the transient
terms can be neglected in the gas mass balance equation.6

Slow convergence may occur, such as when the solid fuel
becomes depleted. Then, the time step is reduced and addi-
tional iterations are needed, for instance as in the PICO
technique.31,32 Instead of setting a constraint on the number
of iteration times as done in the latter, however, we reduced
the time step—if convergence cannot be reached after five
iterations—to maintain accuracy. Numerical simulation re-
sults showed that use of all these assumptions dramatically
decreases the computation time, without loss of accuracy in
the pressure, temperature, and concentration profiles. Addi-
tional details can be found in Lu.24

A moving-coordinate method

In isothermal reaction systems, such as acidization or auto-
catalytic reactions, one is concerned with only one front, where
concentrations change rapidly. In forward FC, both reaction
and thermal fronts develop, in general with different widths.8 In
either case, the process reaches an asymptotic state consisting
of a traveling wave, where the variables approach a constant
profile, in the case of a homogeneous system, or become
fluctuating functions around a mean profile, in the case when
the microstructure is stochastic. Tracking the fronts until an
asymptotic state is reached requires large computational do-
mains and associated prohibitive computational costs. A way to
circumvent this difficulty is to use a frame of reference that
moves with the front. Such a technique was implemented in the
paper. The novelty is that it was developed for a system whose
parameters, such as the pore size, are random functions of
space.

Consider the change of variables to a moving coordinate
system, moving with velocity u. Parameters associated with the
pore network are generally random variables in space, and in a
moving coordinate 
 will necessarily become random variables
in time, as

k� x, y� � k�
 � �
0

t

u(t)dt, y� (11)

If the parameters of the network are dependent on only the
transverse location y, then a true traveling steady state devel-

Figure 3. Dimensionless reaction front velocity u vs. the
dimensionless average fluid velocity � be-
tween parallel plates for the autocatalytic sys-
tem of Eq. 13 and for different values of the
Peclet number �.
The top panel is from Edwards14; the bottom panel corre-
sponds to the numerical moving-coordinate method. The front
velocity increases monotonically with increasing � at fixed �.
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ops, in which the front velocity is constant and steady-state
profiles are reached. An example will be shown below. How-
ever, if they also depend on the axial coordinate x, a true
traveling steady state does not develop. In the traveling frame
of reference, the system “sees” a fluctuating input, such as in
the form of the fluctuating pore size. Then, at the asymptotic
limit, variables, such as concentration, become fluctuating
functions of time. In the moving coordinates, the only modifi-
cation needed in the governing equations is the convective term
associated with the change of the frame of reference. In addi-
tion, the boundary conditions in the moving coordinates must
be modified. In particular, at the upstream boundary, we ap-
plied the boundary condition

y � y0


2T


 x2 � 0 (12)

which is similar to the approach taken by Chen and Meiburg33

in modeling miscible fingering in a tube. The front velocity is
determined by requesting that the location of the front is
maintained at a fixed point, arbitrarily selected, in the compu-
tational domain of the moving coordinate system. We defined
the front by specifying that the transverse average, such as that
of the conversion efficiency, takes a specific value at a fixed
axial location. This will lead to a fluctuating asymptotic front
velocity (see Lu24 for more details).

The moving-coordinate method was validated with a com-
parison to the simpler autocatalytic system, in which only
reaction fronts develop (see, for example, Edwards14). Here,
the associated reaction–diffusion–advection equation is ex-
pressed as


c


t
� v� � �c �

1

�

2c � 2�c2�1 � c� (13)

in which v is the flow rate, � is an equivalent Peclet number,
and a cubic reaction rate was used. Note the autocatalytic
nature of the rate expression. Variability in space is through the
velocity term. For flow between two parallel plates, at x 
 �1,
this is the Poiseuille velocity profile

v� x, t� �
3

2
��1 � x2� (14)

where � is the average fluid velocity in the direction of flow.
The problem admits a traveling steady state, which is the
solution of

1

� �
2c



2 �

2c


 y2� � �u �
3

2
�(1 � y2)� 
c




� 2c2�1 � c� � 0

(15)

Edwards14 solved the above equation analytically in the limit of
large Peclet numbers and numerically in the general case. A
comparison between his results, for the dependency of the front
velocity on the fluid velocity, and the results obtained by our
moving-coordinate method, is shown in Figure 3 with � as
parameter. The agreement is very good. Excellent agreement
was also found for the concentration and the front profiles, as
discussed in Lu.24

Figure 4. Asymptotic front velocity vs. the injection velocity in 1-D forward FC.
Blue denotes the analytical predictions by Schult and Matkowsky5; red denotes the results from our 1-D numerical simulation.
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Although we do not have an exact result to assess the
effectiveness of our method for randomly fluctuating systems,
the above agreement gives us confidence that the moving
coordinate method can be used successfully even in such cases.
It was used in the results to be shown in the next section.

Results and Discussion
Forward FC in a homogeneous system

Before embarking on the general investigation of the 2-D
forward FC in a heterogeneous pore network, we conducted a

Figure 5. Effect of thermal conductivity on the front velocity in 1-D forward FC for different injection velocity and for
the parameters of Table 1.
Red curve: analytical solution; blue diamonds: numerical results.

Figure 6. Multiple steady-state solutions for the front temperature (stable upper and lower branches and unstable
intermediate branch) for the nonadiabatic case in 1-D forward FC as a function of the injection velocity and
for the parameters of Table 1 (with heat loss Nusselt number equal to 2 � 10�4).
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study in a homogeneous system. Both adiabatic and nonadia-
batic cases were examined. First, we focused on the simpler
1-D models, for which analytical results exist.7,8 One should
also keep in mind that the linearity in the flow-rate/pressure-
drop relationship in the pore-network model allows us to also
use it as a substitute (with some modification) of the numerical
solution (finite-difference) of the continuum model. Deriving

numerical solutions in this case would also help to support the
validity of the model.

Aldushin et al.7 showed the existence of three different
structures, controlled by the value of the dimensionless param-
eter � 
 cg��f0/Csa0: a reaction-leading pattern (� � 1), where
the reaction front leads the thermal front; a reaction-trailing
pattern (� � 1), where the reaction front trails the thermal
front; and a pattern of maximum energy accumulation (� 
 1),
in which the two fronts coincide and the temperature at the
front increases with time. Our numerical results (not shown
here for the sake of brevity, but discussed in detail in Lu24)
were found in excellent agreement with the theoretical predic-
tions.

Of most interest to forward FC in our context is the reaction-
leading case (� � 1). In such cases, Akkutlu and Yortsos8

derived the following expression for the dimensionless front
velocity VD (made dimensionless with the injection velocity):

VD
2 � A�fexp��

�

�f
�� 1 � �VD

1 � �gVD
� (16)

where the dimensionless front temperature �f is determined by
the adiabatic front temperature

�f � 1 � q (17)

for an adiabatic system, and given by the expression

�f � 1 �
q

�1 �
4h

VD
2

(18)

for a system with convective heat losses. Here, we defined A 

ãs�sk0Yip̃i/qEvi

2, � 
 E/RT̃0, where h is a dimensionless heat-
transfer coefficient. It is noted that Eqs. 17 and 18 are only
approximate expressions, in that a weak dependency on veloc-
ity has been omitted. For future reference, we also note that
forward FC is bound between two different regimes, a stoichi-
ometric and a kinetic control regime. Stoichiometric control is
obtained at large A (such as small injection velocities): as Eq.
16 shows, the dimensionless front velocity in this case ap-
proaches the constant

VD �
1

�
(19)

that is, in this limit the dimensional velocity is proportional to
the injection velocity. The kinetic control is reached in the
opposite limit of small A, in which case the front velocity
approaches the limit

VD
2 � A�fexp��

�

�f
� (20)

and the dimensional front velocity becomes constant. These
two limits will be further discussed below.

The 1-D Adiabatic Case. Consider, first, the adiabatic case.

Figure 7. Temperature profiles (in degrees Kelvin) of for-
ward FC in a 2-D domain with heat losses
occurring at the lateral boundaries for Nu �
0.005.
Parameters from Table 1 with injection velocity 432 m/day,
and fuel density equal to 5.83, 19.96, and 80 kg/m3, from top
to bottom, respectively.
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Figure 4 shows a comparison of the results between theory and
simulation for the dependency of the asymptotic (dimensional)
front velocity on the injection velocity. The agreement is very
good. The above two regimes of stoichiometric and kinetic
control correspond to large and small values of the injection
velocity, respectively (the kinetic control was not reached yet
in the simulations in the figure). Similarly, good agreement was
found for the other relevant variables, such as front temperature
and oxidant consumption.24

Equation 16 shows that, in the 1-D case, a number of
parameters affect the process only through the dimensionless
group A. For example, the effect of conductivity on the dimen-
sionless front velocity enters in the combination (conductiv-

ity) 	 (injection velocity)�2. Equation 16 shows that an in-
crease in the thermal conductivity is equivalent to a
proportional decrease in the square of the injection velocity.
We tested the theoretical predictions by using the numerical
model. Figure 5 shows that a good agreement exists between
theory and simulation. Because thermal conductivity affects
the amount of oxidizer that could penetrate the reaction front,
it has concomitant effects on front velocity. The effect of
conductivity has significant ramifications to the full 2-D prob-
lem, as will be shown later.

The 1-D Nonadiabatic Case. Consider, next, the nonadia-
batic case. Heat losses to the surroundings, in a direction
perpendicular to the plane of front propagation (which thus

Figure 8. Conversion depth and mole fraction (concentration) profiles of forward FC in a 2-D domain with heat losses
occurring at the lateral boundaries for Nu � 0.005.
Parameters from Table 1 with injection velocity 432 m/day, and fuel density equal to 5.83, 19.96, and 80 kg/m3, from top to bottom.
respectively.
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correspond to volumetric heat losses in the thermally thin limit
for a 2-D geometry) were incorporated in the continuum model
of Akkutlu and Yortsos,8 who considered both convective and
conductive modes. These authors showed that in the nonadia-
batic case, the system exhibits a classical steady-state multi-
plicity, consisting of two stable branches (low and high tem-
perature, respectively) and an intermediate unstable one. The
corresponding S-shaped curve can be used, among other things,
to provide ignition and extinction criteria. The validity of the
theory for the convective heat loss mode (expressed here
through an associated Nusselt number) was tested using the
numerical model. The numerical results in Figure 6 show a
multiplicity very similar to the analytical solution. In the nu-
merical construction, the two stable branches were obtained by
using different ignition temperatures. The intermediate, unsta-
ble branch was obtained by trial and error, as the dividing
boundary between the two states, and may be subject to nu-
merical error. The sensitivity of the multiple steady states to
parameters, such as the heat loss rate and the injection velocity,
was analyzed in detail in the work by Akkutlu and Yortsos,8 to
which the reader is referred for further details. Here, we will
only point out that Lu24 also found agreement between analyt-
ical and numerical results with respect to parameters such as
the ignition temperature, which decreases with an increase in
the injection rate and increases with the heat loss intensity, as
expected.

The 2-D Nonadiabatic Case (Heat Losses from a Lateral
Boundary). When heat losses are not volumetric, but occur
only from a lateral side, they will affect the temperature dis-
tribution, possibly leading to a nonuniform profile. We consid-
ered the analysis of such cases, by simulating the process in a
rectilinear geometry (Figures 7 and 8). Again, this analysis is

also valid for the continuum model, given an appropriate
correspondence in the magnitude of the dimensionless groups.
A particularly important aspect as a result of such imposed
boundary condition is the effect of gas-phase compressibility.

Nonuniform temperature profiles lead to two competing
effects. Higher temperatures are associated with higher rates of
reaction and, in 1-D, with higher front velocities. On the other
hand, because of thermal expansion at higher temperatures, the
mass supply of the oxidant decreases, thus leading to a com-
peting retardation effect. This effect, which is pronounced only
at high temperatures, can act to stabilize temperature pertur-
bances. Thus hot spots may not necessarily travel faster. The
effect may be important in SHS (self-propagating high-temper-
ature synthesis) processes in which the front temperature is
usually quite high (several thousand degrees Kelvin) and planar
reaction fronts are necessary to maintain product quality.

To illustrate these effects, we conducted simulations using
the data of Table 1, but in which we also varied the fuel density
to achieve high temperatures. In all simulations heat loss oc-
curred from the lateral boundary only. Figures 7 and 8 show
temperature, conversion depth, and concentration profiles for
three different values of the fuel density (5.83, 19.96 and 80
kg/m3, respectively). When the fuel density is low, tempera-
tures are generally low, the flow resistance caused by gas phase
thermal expansion is weak, the gas phase reactant is not totally
consumed even at the higher temperature center region, and a
parabola-like profile forms, as a result of the balance of heat
production and heat sink at the boundary. As the fuel density
increases, however, the gas expansion effect becomes more
significant. In the center, where temperatures are higher, the
mass flux is retarded with respect to the sides, the oxidant
supply is smaller, and thus front temperature, concentrations,
and conversion depth profiles become more uniform. As the
density increases even further, the even higher front tempera-
tures cause the system to depart from kinetic control to stoi-
chiometric control, in which case the gas supply becomes the
dominant factor. The region of higher temperature is subject to
a significant, compressibility-induced retardation of the oxidant
supply, causing the center temperatures to lag compared to the
sides. As a result, the front acquires a concave rather than a
convex shape (Figures 7 and 8). We point out that these profiles
become stationary in the moving coordinate system at longer
times. The transition between the profiles is interesting and
should be the subject of a future study.

Forward FC in a 2-D heterogeneous system

An important objective of any pore-network modeling study
is the understanding of how microscale heterogeneity can af-
fect macroscale properties. Heterogeneity can be introduced in
a number of ways, such as through the distribution of perme-
ability, the heat conductivity, or the fuel amount. The effect of
a distributed fuel amount is quite interesting because it may
involve percolation phenomena, and it is discussed in a sepa-
rate publication.23 Here, we will focus on the effect of the
pore-size distribution, which primarily affects the flow field
through the Poiseuille flow conductance of the pore throats, but
also the concentration through diffusion in the pore space, the
conductance of which also depends on the pore radius. We will
take three different heterogeneity modes for the pore size
distribution: white noise (spatially uncorrelated), fractional

Figure 9. Temperature profiles in 2-D adiabatic forward
FC for different injection velocity with white
noise–distributed bond radius in the interval
[0.2, 1.8], and for the parameters of Table 1
(thermal conductivity � 0.8635 W m�1 K�1).
From top to bottom, the injection velocity varies between 100
and 400 m/day.
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Figure 10. Concentration profiles in adiabatic 2-D forward FC for different injection velocities with white noise–
distributed bond radius in the interval [0.2, 1.8], and for the parameters of Table 1 (thermal conductivity �
0.8635 W m�1 K�1).
From top to bottom, the injection velocity varies between 100 and 400 m/day.

Figure 11. Transversely and time-averaged mole fraction profiles in adiabatic 2-D forward FC for different injection
velocities with white noise–distributed bond radius in the interval [0.2, 1.8], and for the parameters of Table
1 (thermal conductivity � 0.8635 W m�1 K�1).
The values in parentheses are from the 1-D homogeneous solution.
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Brownian motion (fBm)34 (spatially correlated), and a two-
layered system. The effect on the macroscale quantities will be
quantified using transverse averaging of the variables, such as
concentration and temperature, followed by time-averaging to
smooth out fluctuations.

White Noise–Distributed Pore Sizes. In this and the sub-
sequent sections we will report adiabatic FC simulations in a
128 	 64 pore network. First, we considered pore sizes dis-
tributed as a white noise, from a uniform distribution in the
interval [0.2, 1.8]. An asymptotic state in the moving coordi-
nate system is ultimately reached, in which all quantities fluc-
tuate near the front. Figures 9 and 10 show snapshots of the
corresponding temperature and concentration profiles. The ef-
fect of disorder is different in the temperature and concentra-
tion profiles. The temperature profile, although sharp near the
front, is quite smooth, reflecting the very effective heat con-
duction. For the given value of thermal conductivity, the sta-
bilizing effect of conduction is dominant at the pore-network
scale, thus smoothing out the temperature front. On the other
hand, the concentration profile is more sensitive to the disorder
and shows notable 2-D features. In particular, one notes non-

uniform oxidant consumption, with places where there is more
oxidant leakage through the front, and others where there is
relatively higher consumption. Both these features intensify
when the injection velocity is increased. Consistent with the
1-D analysis, the oxidant consumption is higher when the
injection velocity is lower. The associated time- and trans-
versely averaged mole fraction profiles are shown in Figure 11
for different values of the injection rate. We note that the 2-D
averages underpredict the oxidant consumption, although not
to a very substantial degree. The discrepancy arises from the
nonuniformity in the velocity field, resulting from the pore
throat radius disorder.

Although the averaged variables do not vary significantly
from their homogeneous counterparts, the corresponding reac-
tion rate profiles are quite different. Figure 12 shows that the
reaction rate expressed in terms of the averaged variables can
be several times different (faster, or slower), than the actual,
depending on location. Near the reaction front, the macroscop-
ically based reaction rate is two times larger than the actual, on
the upstream side, and almost four times smaller than the
actual, on the downstream side. The effect is influenced by the

Figure 12. Spatial profiles of the ratio of the average reaction rate to the calculated reaction rate using the Arrhenius
expression with the averaged concentration, fuel density, and temperature, as a function of the injection
rate.
Adiabatic 2-D forward FC with white noise–distributed bond radius in the interval [0.2, 1.8] and for the parameters of Table 1 As the
injection rate increases, the difference between the actual and the effective continuum rates increases, illustrating the combined effects of
Peclet number and heterogeneity.
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injection rate: the larger the injection rate, the larger the dif-
ference. This is attributed to the decrease of the relative
strengths of diffusion at higher injection rates. Clearly, the use
of the Arrhenius expression with averaged variables to estimate
the average rate can result in serious errors. Even so, the
resulting effect on the prediction of the overall performance
(such as oxidant consumption, front temperatures, and front
velocities) is relatively weak for this set of parameters. We
point out that the width of the reaction front does not exceed a
relatively finite number of pores (of the order of 20 for this set
of parameters). This narrow width is consistent with the con-
tinuum analysis,8 where widths not exceeding a few centime-
ters are predicted.

The effect becomes significantly more pronounced, how-
ever, when the thermal conductivity decreases and/or the bond
size distribution is wider. Results for the same set of parame-
ters, but with the thermal conductivity reduced by a factor of
10, and a wider pore-size distribution, in the interval [0.01,
1.99], are shown in Figures 13–16. Heterogeneity induces a
significant effect not only on concentration but also on the
temperature profiles. The front width decreases compared to
the previous. We note the existence of temporary, fluctuating
hot spots, temporarily unreacted sites, consistent oxidant leaks,
and nonuniform reaction fronts, with the nonuniformity in-
creasing with an increase in velocity. These features fluctuate
with time in the moving-coordinate system, and inactive sites
become active, given that the fuel is ultimately fully consumed.
(This is in contrast to the case of reverse combustion; see Lu
and Yortsos,26 where unburned fuel is bypassed). Comparison

with the 1-D continuum model shows that the front temperature
is consistently underpredicted, whereas the consumption of the
oxidant is consistently overpredicted (see Lu24). The figure
equivalent to Figure 11, omitted here for the sake of brevity,
shows that the oxidant mole fraction downstream of the front is
overpredicted by at least a factor of 2. This is a result of poor
thermal conduction and poor mass diffusion, which cause the
emergence of sparse hot spot activities in various areas of the
front, with a concomitant increase in temperature. Figure 15
shows that in this case, trying to estimate the effective reaction
rate using macroscopic variables can lead to dramatic errors,
which can reach as high as an order of 103 in certain places.
Figure 16 is another illustration of this effect based on a 2-D
profile of the reaction rate. In this case of low thermal conduc-
tivity, higher injection rates can cause localized, temporary
extinction. Because reacting spots with more oxygen supply
propagate faster than others with less oxygen supply, once a
spot departs from the averaged front motion, the corresponding
heat loss causes temporary extinction, inducing a concomitant
oxygen leakage and a rougher front, as shown in the figures.

A different way of interpreting the results of this section is
by considering the disorder-induced length scale, which is
roughly the standard deviation of the pore-size distribution. If
this scale is comparable to the characteristic scale for diffusion
and conduction, then nontrivial phenomena, such as localized
extinction and incomplete oxidant consumption, will take
place.

fBm-Distributed Pore Sizes (Spatially Correlated Systems).
A similar behavior exists in spatially correlated systems. To

Figure 13. Temperature profiles in adiabatic 2-D for-
ward FC for different injection velocities with
white noise–distributed bond radius in the
interval [0.01, 1.99], and for the parameters of
Table 1 (thermal conductivity � 0.08635 W
m�1 K�1).
From top to bottom, the injection velocity varies between
100 and 400 m/day.

Figure 14. Concentration profiles in adiabatic 2-D for-
ward FC for different injection velocities with
wide white noise–distributed bond radius in
the interval [0.01, 1.99], and for the parame-
ters of Table 1 (thermal conductivity �
0.08635 W m�1 K�1).
From top to bottom, the injection velocity varies between
100 and 400 m/day.
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investigate spatial correlation effects, we conducted simula-
tions where the pore radius was distributed based on fractional
Brownian motion (fBm) statistics, which display spatial corre-
lations at all scales. Such distributions are characterized by a
parameter, the Hurst exponent H, where 0 � H � 1, with
higher values of H reflecting a smoother and more correlated
field. In the examples to be shown below, we considered two
different injection velocities (100 and 432 m/day) and two
different thermal conductivities, which differed by a factor of
10 (� 
 0.08655, and 0.8655 W m�1 K�1, respectively). For
the system with the higher thermal conductivity, the results
were not very different from the random system discussed
earlier. Concentration and temperature profiles were affected to
some degree, with the more correlated system closer to the 1-D
solution (see Lu24 for more discussion). Even though some
perturbations existed in the concentration profiles, however,
both the asymptotic upstream temperature and the downstream
concentration did nor differ notably from the homogeneous
1-D process. Nonetheless, the difference between the averaged
rate and the rate calculated with the averaged parameters per-
sisted in much the same way as in the previous random case
(Figure 17). This difference was found to decrease with in-
creasing values of H, that is, as the system becomes more
correlated and the heterogeneity smoother. The smoothing ef-
fect of higher spatial correlation is expected.

Figure 15. Spatial profiles of the ratio of the average reaction rate to the calculated reaction rate by averaged
concentration, fuel density, and temperature as a function of the injection rate.
Adiabatic 2-D forward FC with wide white noise–distributed bond radius in the interval [0.01, 1.99], and for the parameters of Table 1
(thermal conductivity 
 0.08635 W m�1 K�1). As the injection rate increases, the difference between the actual and the effective continuum
rates increases, illustrating the combined effects of Peclet number and heterogeneity. The effect is much larger than that shown in Figure 12,
indicating the decreasing importance of mass diffusion and heat conduction.

Figure 16. Spatial profiles of the reaction rate as a func-
tion of the injection rate.
Adiabatic 2-D forward FC with wide white noise–distrib-
uted bond radius in the interval [0.01, 1.99] and for the
parameters of Table 1 (thermal conductivity 
 0.08635 W
m�1 K�1). As the injection rate increases, the number of
ignited sites at any given time decreases, leading to incom-
plete oxidant consumption.

1292 AIChE JournalApril 2005 Vol. 51, No. 4



On the other hand, when for the same velocity the thermal
conductivity is reduced by a factor of 10, the simulations give rise
to much more distorted fronts. A typical example is shown in
Figure 18, which plots the pore-radius field, the pressure, the
temperature, the concentration, the conversion depth, and the
reaction rate profiles for H 
 0.5, for an injection velocity of 100
m/day. The effect of heterogeneity is somewhat different, here,
compared to the random case. When spatial correlation is strong
enough to give rise to connected (high or low) flow conductance
regions, the induced flux differences can ultimately cause a curved
front, assuming that the system is not under stoichiometric control,
depending on the correlation length and the relative strength of
dispersion. The higher the Hurst exponent, the closer the system
behaves as layered, whereas at smaller values of H the deforma-
tion of the front is more limited. Likewise, there is less fluctuation
in the oxidant profiles or the reaction rates. As the velocity
decreases, the effect is weakened. The difference from the 1-D
homogeneous behavior is akin to a process in a layered system,
discussed below.

Layered Systems. A final example of heterogeneity to be
discussed herein is a two-layered system, in which the pore-throat
(bond) radius is different in the two layers. As shown in the
previous section, the front velocity depends strongly on the oxi-
dant flux. In a layered system, and in the absence of compress-
ibility effects, or when the net gas generation is zero, the pressure
gradients are the same in both layers. Thus, the mass flux in each

layer would be proportional to the layer flow conductance (per-
meability). The reaction front in the high permeability region
would initially propagate faster than that in the low permeability
region, and soon will invade a cold unburned area. Then, the low
permeability region will act as a heat sink for the faster front, the
temperature of which will decrease. Assuming a system not under
stoichiometric control (that is, for sufficiently high injection ve-
locity), this brings a decrease in the consumption of oxidant, and
in the front velocity. At the same time, because of transverse heat
transfer (assuming that the layers are thermally coupled), the low
permeability layer becomes preheated, resulting into a higher front
temperature, a faster reaction rate, again for a kinetically con-
trolled system, and a faster front velocity for the low-permeability
layer, compared to the isolated case. Under certain conditions, the
two velocities become equal and the fronts propagate at the same
velocity. Akkutlu and Yortsos35 considered the continuum analog
of this problem, in which the fronts in the two layers were coupled
only thermally. The authors found that the front in the lowest perme-
ability layer controlled the coupled-front propagation (and could lead
to extinction in the presence of heat losses, if the permeability ratio
was sufficiently strong). In this section, we will use the numerical
method we developed to study forward FC in a 2-D, two-layered
system. In the simulations we used the parameters of Table 1, except
that the thermal conductivity was reduced 10 times. A simplification
of this problem in terms of two thermally thin layers coupled to one
another is discussed in Akkutlu et al.9

Figure 17. Spatial profiles of the ratio of the average reaction rate to the calculated reaction rate by averaged
concentration, fuel density, and temperature for different values of the Hurst exponent of the fBm-
distributed bond radius and for the parameters of Table 1 (thermal conductivity � 0.8635 W m�1 K�1;
velocity 432 m/day).
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The adiabatic process in a layered system displays two
different regimes: (1) coupled fronts with a common velocity,
close to that of a homogeneous system corresponding to the
low permeability; and (2) separated fronts moving at different
speeds. Here, “separation of fronts” refers to the situation
where the transverse mass and/or heat transfer is so weak that
any coupling effect cannot be seen in the finite domain of our
calculation. Once the fronts depart from each other, the dis-
tance between them increases with time (although ultimately,
the transverse exchange of mass and energy will tend to couple
the two fronts together).

Under conditions of kinetic control the fronts are coupled.
Figure 19 shows the asymptotic state for a ratio of the pore throats
in the two layers equal to 1.2, corresponding to a permeability

ratio of about 2 (equal to 1.24). Mass and thermal dispersion are
strong enough to retard the faster front and to accelerate the slower
one. The elevated temperature and mole fraction in the high-
permeability layer diffuse in the low-permeability region causing
the coupling of the fronts. Because the oxygen is not completely
consumed in either layer (in Figure 19 the lowest mole fraction is
�0.1), the front velocity is determined by its temperature. The
thermal energy conducted from the higher to the lower perme-
ability layer is akin to a heat loss effect on the former, which
results in front retardation, and to a preheating effect on the latter,
resulting in front acceleration.

On the other hand, when the system is under conditions of
stoichiometric control, the fronts separate. Figure 20 shows the
results of simulations conducted under such conditions and for

Figure 18. Spatial profiles of the bond radius, pressure, temperature, concentration, conversion depth efficiency, and
the reaction rate profiles for fBm-distributed bond radii with H � 0.5 and injection velocity 100 m/day
(thermal conductivity � 0.08635 W m�1 K�1).
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the same permeability ratio. Here, the parameters were varied
such that the oxidant flux in each layer is sufficiently small, and
all the oxidant reaching the front is completely consumed.
Because in such cases the front velocity becomes independent
of the front temperature (see Eq. 19) each front travels roughly
in proportion to the velocity in each layer, thus leading to front

separation. We must caution, however, that the separation
observed in our simulations may be explained by the relatively
small computational size of the domain. In reality, mass trans-
fer will ultimately equalize the mole fractions across the layers
and a coupling, albeit weak, will ultimately develop. The
coupling of fronts in a layered system is further discussed in
detail in Akkutlu and Yortsos35 and in Akkutlu et al.9

Conclusions

In this article, we developed a pore-network model to study
the dynamics of forward FC processes in porous media at the
pore-network scale. Using a porous medium representation in
terms of a dual network of sites and bonds, we developed a
discrete pore-network model that encompasses a detailed de-
scription of the process at that scale. Because forward FC
usually leads to traveling fronts, we implemented a novel
moving coordinate method, which allows for the asymptotic
state to be obtained in a straightforward manner. In the moving
coordinates, the latter consists of steady-state profiles, in the
case of homogeneous systems, and of fluctuating profiles in
space, when properties, such as the pore-size distribution, are
randomly distributed. The moving coordinate technique was
validated using existing results in autocatalytic systems,
whereas the overall formulation was validated using existing
analytical results for 1-D systems. Because the pore-network
formalism can also be viewed as a finite-difference analog of a
continuum model (given the direct analogy between Poisseuille
flow and Darcy’s law), its results can be directly extrapolated
to the continuum case as well.

Figure 19. Profile of temperature (in degrees Kelvin) in
the asymptotic state of adiabatic forward FC
in a two-layered system using the parameters
of Table 1 (thermal conductivity � 0.8635 W
m�1 K�1; velocity 832 m/day).
The permeability ratio is 2.0726 (1.24). The fronts in the two
layers are coupled.

Figure 20. Profiles of dimensionless temperature, conversion depth, mole fraction, and pressure at the asymptotic
state in adiabatic forward FC for a two-layered system using the parameters of Table 1 (but with thermal
conductivity � 0.04 W m�1 K�1; velocity 432 m/day; fuel density � 140 kg/m3).
The permeability ratio is 2.0726 (1.24). The fronts in the two layers are separated.
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The numerical method was used to successfully test recent
analytical work for forward FC. The model reproduced multi-
ple steady states in nonadiabatic cases with volumetric heat
losses, as derived in the continuum model of Akkutlu and
Yortsos.8 In addition, we found an interesting effect, attributed
to gas compressibility, when the heat losses are not of the
volumetric type, but are applied on the lateral side of the
domain. Because high-temperature regions receive a smaller
mass flux because of reduced density, the asymmetry arising
from the lateral heat losses is weakened, leading to flatter
temperature profiles and a more uniform fuel consumption.

We used the numerical method to study the effect of the
heterogeneity in the microstructure, introduced by the randomness
in the pore radius. The local disorder generally leads to an uneven
distribution of the oxidant flux, which results in less oxidant
consumption, as compared to the homogeneous case. The under-
prediction in the oxidant consumption increases with an increase
in the disorder (the width of the distribution), a decrease in the
thermal conductivity, and a decrease in the spatial correlation.
Temperature profiles are less sensitive, assuming sufficiently
strong conduction. Shorter heat conduction lengths give rise to
more oxygen leakage and rougher fronts. Temporary local extinc-
tion can emerge for sufficiently large injection rates. It was found
that the spatially averaged reaction rate is generally very different
than the rate calculated using the microscale Arrhenius expression,
using the averaged variables, and discrepancies of a factor of 2 or
higher were noted. Although the importance of this effect depends
on the parameter values, it can be a cause of concern when the
fronts at the small scale are sufficiently distorted. In all cases
studied, the width of the front did not exceed 10 to 20 pores. In a
correlated system, the front reached an asymptotic state, with a
curved profile, which propagated in a coherent fashion. Using the
simpler geometry of a two-layered system, we showed that com-
bustion fronts can be coupled, assuming that there is sufficient
oxidant supply to keep the system away from stoichiometric
control. All these results imply that the microscale geometry can
have a strong influence on the overall macroscopic behavior. For
this reason, careful consideration should be given to the determi-
nation of the intrinsic combustion kinetics and their implementa-
tion in continuum models.
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